In this work, we show that the Metric-Affine and Riemann-Cartan geometries are, essentially, equivalent to each other. The proof is based on the fact that the nonmetricity cancels out the symmetric component of the spin connection. With this purpose, two formalisms for gravity theories are discussed, the Palatini metric-affine and the Einstein-Cartan ones. In the former, where gravity is described by means of the space-time diffeomorphism, it is shown that the affine connection in both geometries are equivalent. In the latter, the nonmetric degrees of freedom decouple from the geometry and exhibit matter field behavior. Thus, from the point of view of isometries on the tangent manifold, the equivalence might be viewed as an isometry transition from the affine group to the Poincaré group, A(d, R) −→ ISO(1, d−1). Furthermore, in this transition, depending on the form of the Lagrangian, the nonmetricity might present a dynamical spin-3 matter field character, with no geometric interpretation in the Riemann-Cartan geometry.
used as a field strength or even as a propagating spin-3 physical field; see for instance [2, 3] . In that context, the nonmetricity appears explicitly in the action of a gravity theory. Therefore, to highlight the issue of the physical role of the nonmetricity, we discuss in this work if the nonmetricity may or may not be eliminated from the geometry. To do so, we consider the full covariant derivative of the vielbein, De = M , where M is the deviation tensor. This equation is taken as the fundamental equation of the MAG [2] . When M = 0, we are dealing with the RCG [1] . We then show that the nonmetricity eliminates, in a natural way, the symmetric degrees of freedom of the spin connection in the full covariant derivative of the vielbein. To be more specific, the symmetric part of the deviation tensor and the symmetric part of the spin connection cancel, eliminating all the symmetric degrees of freedom of the equation. Thus, we have in this equation just Lorentz algebra-valued quantities. The antisymmetric part of the deviation tensor is then absorbed into the antisymmetric part of the spin connection, resulting in an equation for the RCG, De = 0, where D, carries just RC connections, Γ and ω. Thus, as a consequence one identify a kind of geometric reduction in the form A(d, R) −→ SO(1, d − 1), on the tangent manifold.
Further, we discuss the consequences of this geometric transition from the curvature and torsion points of view, as well as a from a general gravity action, not explicitly depending on the nonmetricity. It is then shown that, in the MA formalism, whenever we consider Γ (affine connection) and g (metric tensor) as the fundamental quantities of the theory, there is a complete equivalence between RC and MA geometries. On the other hand, from the EC formalism, where ω (spin connection) and e (vielbein) are the fundamental fields, the nonmetricity is not eliminated, but it appears as a matter field with spin-3.
Furthermore, we discuss the starting point as an action with an explicit dependence on the nonmetricity. In this case, after the geometric transition, in both descriptions, MA or EC, the nonmetricity appears as a spin-3 matter field with no geometrical character.
This work is organized as follows: In Sect.II, we provide a brief review of the properties, notation and conventions of the MAG, used in this work. In Sect.III, we establish a few statements in order to show the equivalence of MA and RC geometries. After that, the physical consequences of the equivalence are discussed. Finally, in Sect.IV, we display our Conclusions.
Generalities of Metric-Affine geometry
To describe the MAG, we can think of an MA d-dimensional manifold M which is characterized by a metric tensor, g, and an affine connection, Γ, independent from each other. This is the so-called MA formalism. The geometry is associated with a A(d, R) diffeomorphism invariance. We define the covariant derivative, ∇, by its action on a tensor field v according to
where Greek indices stand for the coordinates in the manifold M. The curvature and torsion can be identified from
where R is the Riemann-Christoffel curvature and T the torsion tensor
The effect of the independence between g and Γ is a nonmetric geometry characterized by a non-trivial nonmetricity, Q,
One may also study the MAG through the isometries of the affine group in the tangent space, T , the well-known EC formalism. The gauge fields associated with translations on T and GL(d, R) rotations are, respectively, the vielbein, e, and spin connection, ω. The vielbein maps M quantities in T quantities, v a = e a µ v µ . The gauge covariant derivative D acts on the tangent space according to
from which we can write
where Ω is the spin curvature
Further,
where K is the spin torsion K 
Also, nonmetricity appears as given by
where η is the flat metric tensor of T .
In order to characterize the MAG by a single geometric equation, we adopt to work with the full covariant derivative, D, acting on a M-T mixed object. Here, for the sake of convenience, we take the vielbein itself,
Notice that, with this definition,
we rewrite expression (11) as a constraint characterizing the MAG
from which we can easily write the relation between the connections
This constraint fixes Γ as a function of ω, e and M . Thus, Γ is completely determined from the properties of the tangent manifold T and M . We remark that the RCG is obtained from M = 0. As a consequence we can interpret the deviation tensor as a measure of how the MAG differs from the RCG.
Let us develop some useful algebraic properties of the symmetry of the tangent manifold. The group decomposition of the affine group is
The space of symmetric matrices S(1, d − 1) is formally defined as the coset space,
where S(1, d − 1), which is not a group, is the collection of all symmetric matrices. This space possesses d(d + 1)/2 dimensions. The Poncaré group, also with d(d + 1)/2 dimensions, is decomposed according to
where SO(1, d−1) is the group of pseudo-orthogonal matrices, the Lorentz group, with dimension d(d − 1)/2, and the semi-direct product with R d characterizes the extra translational symmetry.
The affine group decomposition might be used to decompose the algebra-valued spin connection. For that, we expand it on the generators of the GL(d, R) group, T ab ,
also, T ab may be decomposed into the generators of the symmetric sector Λ ab = Λ ba and Lorentz group Σ ab = −Σ ba . Thus,
From (10) and (12), we deduce that
Thus,
where Q, the nonmetricity, is a genuine tensor field, not a connection. This property is associated with the fact that S(1, d − 1) is not a group at all, but a symmetric space associated with the coset (16). This property is of remarkable importance in what follows.
Equivalence between MA and RC geometries
We now provide simple arguments, in the form of statements, concerning the relationship between the MAG and RCG. The final conclusion being that MAG and RCG are essentially equivalent to each other.
Statement 1:
There is no tangent manifold geometry without Lorentz group.
Proof : From the decomposition (21), and since Q is a tensor, we see that the connection character of the spin connection lives at the Lorentz sector. Also, the Lorentz group is the stability group of the affine group. This property establishes that the Lorentz group is the essential ingredient to define a geometry on the tangent manifold. Physically, it means that the Lorentz group is the sector which establishes a gauge theory for gravity.
Statement 2:
In the full covariant derivative of the vielbein, the nonmetricity and the symmetric part of the spin connection mutually cancel. Proof : Substituting (20) in (13) we find
where ω/2 is the antisymmetric part of the spin connection and M /2 is the antisymmetric part of the deviation tensor.
Statement 3:
The MAG and RCG are equivalent to each other. Proof : The previous statement establishes that the nonmetricity and the symmetric part of the spin connection decouples from the MAG constraint (13). This means that, in (22), we have just Lorentz algebra valued quantities, i.e., ω and M . The quantity ω = (ω − M )/2 behaves exactly as a RC spin connection, since M is a tensor. Thus, defining the RC spin connection, ω, according to
we have, from (13) 
which is the well-known constraint of the RCG. Thus, expression (13), characterizing the MAG, and expression (24), characterizing the RCG, are equivalent to each other. The cancellation of the nonmetric degrees of freedom with the symmetric sector of the spin connection and the redefinition of the spin connection according to (23) provides then a natural geometric reduction on the tangent manifold
We can then interpret the cancellation between the symmetric spin connection and the nonmetricity as an evidence of the decoupling of the nonmetric degrees of freedom from the MAG. Thus, we have established an equivalence between the MA and RC geometries. Also, the redefinition (23) is totally compatile with background field methods [4] , since M is Lorentz algebra valued. This remark leads us to the next and final statement.
Statement 4:
The tensor M is irrelevant for the geometry.
Proof : This statement can be proved by looking at expression (22). In this expression, the relevant quantity of the geometry is the spin connection, which is algebra-valued on the Lorentz group. The tensor field M is irrelevant for the geometry, since it can be absorbed into the spin connection. Thus, to carry M or not is just a matter of convenience. By absorbing it, we are just changing the tetrad, e, in other to fit it into geodesic curves. Further, in (22), since there are no nonmetric degrees of freedom, one can infer that Q=0, independently of M .
Let us now exploit the physical consequences of the geometric transition (25) and the spin connection redefinition (23). We start with the simplest case, where the action has no explicit dependence on the nonmetricity. For that we start with the MA formalism. In this case, from (14), we see that, the effect of the nonmetric degrees of freedom cancelation, together with (23), on the affine connection results on the relation,
Thus, by applying (26) on the curvature and torsion, given in (3), we find
Those relations show that, if we start with a gravity theory with action S(R, T ), then the action is invariant under (23). Thus, one can equally work in a MA or RC geometry. From the MA formalism point of view, both geometries are totally equivalent.
We can also analyze the previous effect from the EC formalism. In this case, the relations (21) and (23) provide
Thus
In this case, things are not so easy as in the MA formalism. From the tangent manifold isometries, the transition (25) costs the explicit appearance of the nonmetricity. However, the interpretation of this effect is easy: There are two equivalent possibilities to work with. The first is to work in the MAG and deal with nonmetric properties of the geometry. The second is to work in a metric geometry, the RCG, with a dynamical spin-3, Q, which has no geometric interpretation after the transition (25). In this case, Q behaves as a matter field with spin-3.
On the other hand, the MA and EC formalisms are supposed to be equivalent to each other. Thus, since there are no nonmetric residual effects in the MA formalism (26-27) then, the residual nonmetricity should not exist in the EC formalism either. The apparent paradox is solved if one realizes that, in RCG, Ω ≡ R. However, this is not true in the MAG. As a consequence, the correct term to be considered in the MAG at the EC formalism should be Ω(ω − Q/2). This spin curvature reduces to the RC spin curvature through the transition (25), Ω(ω − Q/2) → Ω( ω). Also, in order to enforce Statement4, one can see that, the apparent paradox is exclusively related to the nonmetricity since M can be regarded merely as a spin connection background [4] .
It remains to discuss what happens if a gravity action explicitly depends on the nonmetricity. In that case, a general gauge invariant dependence on the nonmetricity will not be eliminated by the shift (23). Otherwise, the nonmetricity terms survive the redefinition of the spin connection. Then, in both MA or EC approaches, the nonmetricity appears as a spin-3 matter field coupled to the RC geometry. The unique case in which the nonmetricity is completely eliminated by the shift (23), obviously, takes place whenever it appears through the combination ω − Q/2. This is what happens in the MA formalism since Γ = Γ(ω − M ).
Conclusions
In this article, we have found an equivalence between the Metric-Affine and Riemann-Cartan geometries. This relation follows from the cancelation of the nonmetricity against the symmetric part of the spin connection, in the full covariant derivative of the vielbein. The effect is the transition described in (25).
On physical grounds, the transition (25) does not affect neither the Affine nor Poincaré symmetries; actually it clearly shows that the non-ISO degrees of freedom decouple from the theory, resulting on a pure Poincaré gauge theory. In terms of a gravity action with explicit nonmetricity dependence, to maintain the validity of our results, the nonmetricity should always appear in the combination ω − Q/2. Otherwise, Q manifests itself as a dynamical spin-3 matter field coupled to a RCG. Thus, there would be, essentially, two possibilities for constructing a gravity theory: a.) Accept (25) and construct theories with no Q dependence at the RC sector. In that case, the theory would be totally equivalent in both geometrical descriptions. b.) Start with a general nonmetric geometry and deal with a dynamical spin-3 matter field. In this case, the MA formalism should be supplemented by nonmetricity terms in the Lagrangian, in order to fit with the EC formalism.
